
J .  Fluid M e e k  (1988), vol. 187, p p .  301-318 

Printed in Great Britain 
30 1 

Settling behaviour of heavy and buoyant particles 
from a suspension in an inclined channel 

By DAVID HIN-SUM LAW, 
Alberta Research Council, Energy Resources Division. Oil Sands Research Department, 

Edmonton, Alberta, Canada 

ROBERT S. MAcTAGGART, K. NANDAKUMAR 
A N D  JACOB H.. MASLIYAH 

Department of Chemical Engineering, University of Alberta, Edmonton, Alberta, T6G 2G6, 
Canada 

(Received 24 July 1986 and in revised form 20 July. 1987) 

Settling characteristics of bidisperse suspensions containing light and heavy particles 
in inclined channels have been studied both experimentally and theoretically. The 
suspension is relatively dilute with a total volume fraction of no more than 0.16. In 
this dilute range the flow-visualization experiments indicate the formation of distinct 
zones with clear interfaces between them. There is no evidence of lateral segregation 
of particles. The convection currents formed near an inclined boundary are 
transferred to different zones depending on the relative concentration of the two 
species. Based on the flow-visualization experiments, the well known Ponder- 
Nakamura-Kuroda (PNK) model has been adopted to  predict the settling 
characteristics of bidisperse suspensions. 

1. Introduction 
Separation of light and heavy particles from a suspension with the aid of gravity 

is an industrially important ~ I L ' P  ,b found in many mineral-processing operations. It 
also has evoked a strong interest from a theoretical point of view as some of the 
experimentally observed phenomena still remain unexplained. Two mechanisms 
have been identified in recent years as possible candidates for improving the 
performance of gravity separation vessels. The first one, termed the Boycott effect 
(Boycott 1920), has been observed when settling occurs near an inclined boundary. 
The second one, termed the Jingering phenomenon (Whitmore 1955), has been 
observed when settling of two different species occurs above a certain threshold 
concentration of particles. Each of these two mechanisms has been studied by a 
number of investigators. In the present work we examine the Boycott effect as 
applied to the separation of light and heavy particles in inclined channels, i.e. the 
results are restricted to low-concentration regions where the fingering phenomenon 
is absent. 

The Boycott effect has been studied extensively. A good summary of recent 
developments has been presented by Davis & Acrivos (1985). The earliest model 
explaining this phenomenon, based on kinematic and geometrical arguments, was 
developed by Ponder (1925) and Nakamura & Kuroda (1937). Subsequent studies on 
the separation of single species suspensions in inclined channels can be organized into 
two groups. The first group, by Kinosita (1949), Pearce (1962), Graham & Lama 
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(1963), Oliver & Jenson (1964), Vohra & Ghosh (1971) and Zahavi & Rubin (1975), 
depend on some empirically modified form of the PNK theory to explain their 
experimental findings. The second group, by Hill, Rothfus & Li (1977), Acrivos & 
Herbolzheimer (1979), Herbolzheimer & Acrivos (1981), Schneider (1982), Davis, 
Herbolzheimer & Acrivos (1982), Herbolzheimer (1983), Schaflinger (1985a, b ) ,  have 
taken a more fundamental approach to modelling based on the ensemble-averaged 
flow equations. Acrivos & Herbolzheimer (1979) were the first to identify the precise 
conditions under which the Ponder-Nakamura-Kuroda (PNK) theory is a valid 
representation of the settling process near an inclined boundary. Recognizing flow 
instability as one of the causes of departure from the PNK model, Herbolzheimer 
(1983) has presented a stability analysis for settling near an inclined wall. The effect 
of polydisperse suspensions, when all species are heavier than the fluid, has been 
studied by Davis et al. (1982) and by Schaflinger (1985 b) .  Schaflinger has shown that 
particles in polydisperse suspensions under moderately high Reynolds number can 
also become resuspended, resulting in departure from the PNK model. 

Sedimentation of particles of non-uniform size and/or density (polydisperse 
systems) in vertical containers has been studied quite extensively. Two classes of 
sedimentation process have been identified for polydisperse systems. The first one is 
for regions of low concentration where no lateral heterogeneities develop. Several 
distinct zones form and clearly identifiable interfaces separating the zones exist. Such 
cases can be modelled adequately with the aid of material balances written across the 
discontinuous interfaces or ‘shocks ’ separating the various zones. The drift-flux or 
slip-velocity information is still needed. Application of such data, measured under 
monodispersed conditions, to polydisperse systems has been found to be adequate in 
most cases. Such systems have been studied by Richardson & Meikle (1961), Smith 
(1966), Lockett & Al-Habbooby (1973, 1974), Lockett & Bassoon (1979), Mirza & 
Richardson (1979), Masliyah (1979), Batchelor & Wen (1982), Greenspan & Ungarish 
(1982), Selim, Kothari & Turian (1983), Patwardhan & Tien (1985). While most of 
these studies have used polydisperse suspensions settling in the same direction (all 
heavy particles), the approach can be readily applied to  heavy- and light-particle 
mixtures as well (Law et al. 1987). Separation of bidisperse systems containing light 
and heavy particles in inclined channels, however, has not been studied. This is the 
subject of the present work. We begin with some flow-visualization experiments to 
identify the patterns of separation and then present an extension of the PNK 
approach to model such bidisperse systems. Experimentally measured settling rates 
are then compared with the predictions from the PNK model. 

The second class of separation for polydisperse sysbems is for regions of high 
concentration where lateral heterogeneities develop spontaneously from an initially 
homogeneous mixture. Separation of such systems in vertical containers has been 
studied quite extensively since the work of Whitmore ( 1955). Flow-visualization 
results confirming the spontaneous formation of fingers have been presented by 
Weiland, Fessas & Ramarao (1984). Settling-rate measurements and generalized 
correlations have been presented by Weiland & McPherson (1979) and Fessas & 
Weiland (1981, 1982, 1984). More recent experiments by Batchelor & Janse van 
Rensburg (1986) over a wider range of parameters indicate that these structures need 
not always be columnar or finger-like. They have also presented the first rational 
explanation for the formation of such organized structures. They are believed to be 
due to the instability of the bidisperse suspension under certain conditions and the 
growth of a bidisperse form of the concentration wave well known in monodisperse 
systems. Particle motions caused only by gravity and hydrodynamic interaction are 
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FIGURE 1. Settling behaviour for the vertical case with concentrations of 0.08 light and 0.08 heavy 
particles at (a) 0 s; (b) 100 s; (c)  190 s; (d) 200 s. 

LAW, MACTAGCART, NANDAKUMAR & MASLIYAH (Facing p. 303) 
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FIGURE 2. Settling behaviour at an inclination of 30" from vertical with concentrations of 0.08 light and 
0.08 heavy particles at (a) 40 s; (b) 60 s; (c) 85 s; (d) 120 s. 

LAW, MACTAGGAR, NANDAKUMAR & MASLIYAH 
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FIGURE 3. Settling behaviour at an inclination of 10" from vertical with concentrations of 0.08 light and 
0.08 heavy particles at (a) 75 s; (b) 105 s; (c) 135 s; (d) 185 s. 

LAW, MACTAGCART, NANDAKUMAR & MASLIYAH 
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FIGURE 4. Settling behaviour at an inclination of 30" from vertical with concentrations of 0.04 light and 
0.08 heavy particles at (a) 35 s; (b) 65 s; (c) 80 s; (d) 105 s. 

LAW, MACTAGGAKT, NANDAKUMAR & MASUYAH 
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FIGURE 5. Finger formation at an inclination of 30" from vertical with concentrations of 0.2 light and 0.15 
heavy particles at 10 s. 

LAW, MACTAGGART, NANDAKUMAR & MASLIYAH 
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believed to be the cause of this phenomenon. Cox (1987) has developed a similar 
theory including the effect of physical contact between particles. Separation of 
bidisperse systems containing light and heavy particles in inclined channels, where 
the fingering effect coupled with the Boycott effect are present, has not been studied 
to date. Flow-visualization results and settling-rate measurements for such systems 
will be presented elsewhere. 

2. Flow-visualization experiments 
Batch settling experiments were performed in a rectangular Plexiglas container 

37 cm in height and 8 em x 0.5 ern in cross-section. The bidisperse suspensions were 
made of uniform-sized particles of polystyrene (PS, light) and polymethyl 
methacrylate (PMMA, heavy) dispersed in a sodium chloride solution. The density of 
the solution was adjusted to be midway between the densities of the two particles by 
altering the salt concentration. Approximately 0.05 wt % of Triton X-100 was added 
to the suspension to prevent flocculation. The properties of the particles and the 
liquid are presented in table 1. 

The heavy particles (PMMA) were dyed with Rhodamine B to visually distinguish 
them from the white, light (PS) particles. The settling behaviour was observed for 
three sets of volume fractions of particles (0.08 PS4.08 PMMA, 0.04 PS-0.08 
PMMA, and 0.08 PS4.04 PMMA) a t  various angles of inclination from the vertical. 
For each suspension the initial vertical height was kept constant a t  28.3 em. Patterns 
of settling behaviour can be broadly grouped into three categories: (i) low- 
concentration, symmetric, (ii) low-concentration asymmetric and (iii) high-con- 
centration. Each one is described below. 

Low-concentration, symmetric case 
In the symmetric case the diameters and concentrations of the light and heavy 
particles are approximately equal and their densities are symmetrical with respect to 
the fluid. A time sequence of the settling behaviour for the symmetric case in the low- 
concentration region is shown in figures 1-3 a t  angles of inclination of O", 30" and 10" 
from the vertical, respectively. For the vertical case, initially, as shown in figure 1 a 
at t = 0 s (Plate l),  the suspension is uniform, having a volume fraction of 0.08 of 
each species. Immediately thereafter (figure 1 b )  and until disengagement of the two 
species (figure l c ) ,  i.e. over the time interval of 0 < t < t,, five distinct zones with 
sharp interfaces between them can be observed. From top to bottom these zones are 
light (PS)-sediment, light (PS)-suspension, bidisperse (PS and PMMA)-suspension, 
heavy (PMMA)-suspension and heavy (PMMA)-sediment zones. The middle 
interfaces are observed to rise or fall a t  uniform velocities. After disengagement 
(t ,  < t < t,) the two species continue to settle independently of each other, leaving 
behind a clear-fluid zone in between them (figure ld) .  

Figure 2 (Plate 2) shows a similar set of photographs for the same suspension a t  
an inclination of 30" from the vertical. An idealized sketch of the settling process is 
given in figure 6 (a-c) .  During the partial segregation period (figure ~u-c, 0 < t < t,), 
five distinct zones are observed for this case also and the interfaces separating the 
zones are nearly horizontal. In  addition, convection currents are also observed. Near 
the top of the upward-facing plate, a clear-fluid zone is left behind by the rising light 
(PS)-suspension zone. Since its density is higher than that of the light-suspension 
zone, this fluid slides down and mixes with the heavy (PMMA)-suspension zone 
formed near the middle of the upward-facing plate. Thus the clear fluid produced 
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Particle species Suspending fluid 

Property PS PMMA Salt solution 

d (cm) 0.0241 0.0237 
P (g/cm s )  0.0141 

TABLE 1 .  Properties of particle species and suspending fluid 

P (g/cm3) 1.050 1.186 1.120 

below the light (PS)-suspension zone is convected into the heavy (PMMA)-suspension 
zone, i.e. just below the rising light-particle interface (viz. interface C in figure 6b) .  
The heavy (PMMA)-sediment formed in the lower part of the upward-facing plate 
slides down to join the sediment at the bottom. A similar process occurs beneath the 
downward-facing plate. The clear fluid produced by the falling heavy (PMMA)- 
suspension zone is convected to the light (PS)-suspension zone, i.e. just above the 
falling heavy-particle interface (viz. interface B in figure 6 b) .  After disengagement 
( t ,  < t < t,) the two species continue to settle independently of each other, as in the 
case of any monodisperse settling (figure 2d). 

The stability analysis by Herbolzheimer (1983) for monodisperse systems indicates 
that the waves formed in the convection zone grow at the maximum rate for an angle 
of about 10" from the vertical. A similar process occurs for the bidisperse 
suspensions also, as indicated in figure 3 (Plate 3). The waves formed a t  both the 
plates cause significant distortion of the interface. When the interfaces are not sharp, 
the height vs. time results presented later correspond to those measured along the 
centreline of the container. 

Low-concentration, asymmetric case 
Using the same fluid-particle system as in the previous case, a set of experiments 

was performed using unequal concentrations of particles. The volume fractions of the 
light (PS) and heavy (PMMA) particles were changed to 0.04 and 0.08 respectively. 
Figure 4 (Plate 4) shows the settling behaviour for this case at an angle of 30". Once 
again five distinct zones begin to develop. However there is one major difference from 
the previous case. The clear fluid produced by the rising light (PS)-suspension zone 
near the top of the upward-facing plate is not transferred to the heavy (PMMA)- 
suspension zone as in the previous case, but is transferred to a region above the 
bidisperse-suspension zone (figure 4a, b). A sketch of this is shown in figure 6 (d). This 
behaviour is to be expected for the following reasons. Since there are more heavy 
particles in the suspension, the suspension density (1.122) is higher than that of the 
clear-fluid density (1.120). Also, since the Reynolds number is small the inertia is not 
sufficient to move the clear fluid to the heavy-suspension zone. Notice that in figure 
4 ( 6 ,  c )  light (PS) particles are still present in the bidisperse zone (between interfaces 
B and C) and settle to the light suspension zone via the upper part of the channel; 
hence the light-suspension interface is severely distorted at the time of dis- 
engagement. As there are more heavy particles, its interface continues to be nearly 
horizontal. 

For any combination of initial particle concentrations in the bidisperse zone we 
can expect the above behaviour as long as the suspension density in the bidisperse 
zone is sufficiently higher than that of the pure fluid. When the suspension density 
is equal to  that of the pure fluid we clearly see the pure fluid convected past the 
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bidisperse zone as sketched in figure 6 ( e ) .  When the suspension density in only 
marginally higher than that of the fluid, it would be difficult to predict the 
destination of the pure-fluid stream produced near the upward-facing plate without 
a detailed solution of the dynamic equations. 

A mirror image of this behaviour is observed when there are more light particles 
(i.e. 0.08 light - 0.04 heavy). For both of these cases wave formation was also 
observed for an inclination of 10". The observations on the movement of the clear 
fluid were used in the adaptation of the PNK model for bidisperse suspensions. 

High-concentration case 

Figure 5 (Plate 5 )  shows the settling process during the partial segregation (0 < t < t , )  
period of a bidisperse suspension with volume fractions of 0.15 light (PS) and 0.20 
heavy (PMMA) particles a t  an inclination of 30" from the vertical. At these high solid 
concentrations, the fingering flow structure develops in the bidisperse zone. The 
convection pattern near the inclined boundary is similar to that observed for the low- 
concentration symmetric case. Clear fluid appears below the rising light (PS)- 
suspension zone near the top of the upward-facing plate and is transferred to the 
heavy (PMMA)-suspension zone. Similarly the clear fluid produced above the falling 
heavy (PMMA)-suspension zone near the bottom of the downward-facing plate is 
transferred to the light (PS)-suspension zone. 

3. Model development 
The schematic diagrams shown in figure 6 illustrate the idealizations used in the 

adaptation of the PNK model for the present case. First, when a rectangular 
container is tilted a t  an angle B from the vertical, its shape (solid lines in figure 6a)  
a t  the bottom is approximated by a parallelogram (dashed lines in figure 6a)  such 
that the sediment volume is equalized. This removes the mathematical singularity of 
infinite growth rate of sediment a t  the corner, without introducing a significant error 
in the model. Next, the interfaces separating the various zones are assumed to be 
horizontal. Figure 6 (b ,  c) shows the typical interface position before and after 
disengagement of the two species. Figure 6 (d-f) is based on the flow-visualization 
experiments described earlier. They illustrate the zones to which the clear fluid and 
sediments are transferred by convection, as used in the PNK model. In  the following, 
all velocities are considered positive in the gravitational direction. $ denotes the 
volume fraction of solids. The first subscript 1 or h denotes the light or heavy particles 
and the second subscript m, b or s denotes quantities in the monodisperse- 
suspension, bidisperse-suspension and the sediment zones respectively. Velocities in 
the sediment zone refer to the sediment interface velocities. The solids concentrations 
are assumed to be spatially uniform in each zone a t  any given time and their values 
in the bidisperse zone are also assumed to remain constant with time. However, the 
concentrations in the monodispersed zones (viz. $lm between planes A and B and 
$hm between planes C and D of figure 6 e )  will change with time until the 
disengagement of the two phases, because pure-fluid streams are being added to these 
zones. These zones are assumed to be spatially homogeneous in the model and this 
appears to be adequate in predicting the settling rates a t  least at these low 
concentrations. 
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3.1. Review of PNK model for monodisperse systems 
Using the monodisperse light-particle system as an example, the PNK model, 
including the effect of sediment growth rate, is given by the following two equations 
for the two interfaces z1 and zls: 

For 8 = 0, i.e. when the container is vertical, ulm in (1) represents the interface 
velocity of a monodisperse system having a concentration of &, and is obtained 
from the experimentally measured flux plot. Similarly, uls in (2) represents the 
sediment interface velocity and is obtained from the continuity equation written 
across the sediment interface : 

h m  

$1, - A s  

As the downward direction is taken as positive, ulm becomes negative and uls 
becomes positive. In (3), the concentration in the suspension q51m is assumed constant 
at its initial value and that in the sediment & was experimentally measured to be 
0.55. Integrating (1) and (2) subject to the initial conditions, zl(t = 0) = H" cos 8 and 
zls(t = 0) = 0, we obtain the height of the two interfaces as a function of time: 

UlIll. (3) UlS = 

By replacing the subscript 1 (for light particle) in the above equations by h (for heavy 
particle) and with suitable changes in the initial conditions a similar set of 
equations, valid for a monodispersed heavy particle system, can be obtained. These 
equations also describe the settling process after the disengagement of the two 
species in a bidisperse system (i.e. figure 6c) .  

3.2. Bidisperse systems during the partial segregation period 
Symmetric case 

locations of the interfaces are 
The time sequence of settling behaviour is sketched in figure 6(a-c).  The initial 

zl(t = 0) = H" C O S ~ ,  zls(t = 0) = 0, 

zh(t = 0) = 0, Zhs(t = 0) = H" C O S ~ .  

(6 )  

17) 

During the partial segregation period, the observed convection patterns are sketched 
in figure 6(d-f) .  In the PNK model these currents are assumed to reach their 
destinations instantaneously. Let us consider first the symmetric case sketched in 
figure 6(e ) .  To track the light-suspension interface C (i.e. the height zl) for example, 
consider the volume above this interface. Any material taken out of this volume (viz. 
clear fluid between A and B and heavy suspension between B and C produced close 
to the upward-facing plate) will enhance the upward movement of the interface C 
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while any material added into this volume (viz. clear fluid produced below the 
downward-facing plate between C and D) will impede the upward movement of 
interface C. Thus the interface velocity x1 is given by 

dt 

I I1 I11 IV 

ulm in (8) represents the interface velocity of a monodisperse system having a 
concentration of #lm and is positive. The first term on the right-hand side I refers to 
the vertical settling velocity of the light particles in the bidisperse-suspension zone. 
The second term I1 is the enhancement due to the material left behind by the rising 
light particles close to the upward-facing plate between planes B and C. Since this 
layer is very small in thickness the details regarding clarification obtained within this 
zone (i.e. heavy suspension or clear fluid?) cannot be resolved. Instead all the 
material in this zone is added to the heavy-suspension zone between planes C and D. 
The third term 111 is the enhancement due to the clear fluid produced between planes 
A and B. The last term I V  models the slowdown in the velocity of z1 caused by the 
clear fluid produced between planes C and D. 

Similar reasoning leads to the following equations for the three remaining 

'hs-'l sin8, 1 
interfaces : 

+ U h m b  (9) 

u,, in (11) represents the sediment interface velocity for heavy particles and is 
negative. In the above equations ulb and uhb are the settling velocities of the light 
(PS) and heavy (PMMA) particles in the bidisperse zone (i.e. between interfaces B 
and C). Since the concentrations in this zone, $lb and $hb, are assumed to be constant 
at their original value, these velocities can be obtained from any model for 
polydisperse settling in a vertical direction. Several such models have been proposed 
(Smith 1966; Lockett & Al-Habbooby 1973, 1974; Mirza & Richardson 1979; 
Masliyah 1979 etc.); but we use the latter: 

where pb = p1 #lb + P h  #hb +pf(  1 - #]b - $hb). p1 and P h  represent the densities of the 
light and heavy particles, respectively, and pf and P b  represent the densities of the 
fluid and the bidisperse suspension respectively. The velocities uFm and uh*, in (12) 
and (13) can be evaluated from the drift-flux relations for monodisperse systems 
of light and heavy particles respectively having a total solids concentration of 

The other unknown quantities in (8)-(11) are the sediment velocities uls and uhs, 
($lb +$hb)* 
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the particle velocities ulm and uhm in the monodisperse zones, and the concentrations 
$lm and +hm in the monodisperse zones, and the concentrations dlm and $hm on which 
the above velocities depend. Four additional equations can be obtained by writing 
the continuity equations across the moving interfaces and the remaining two 
equations are the experimentally obtained drift-flux expressions relating the 
velocities to concentrations. The continuity equations are 

The experimentally measured velocity-concentration relationships were fitted by a 
polynomial approximation as suggested by Shannon, Stroupe & Tory (1963) and 
Shannon et al. (1964) : 4 

ujm = E A,$fm (j = l ,h )*  (18) 
i-0 

The least-squares estimate of the constants A ,  are given in table 2. The simultaneous 
numerical solution of the four differential equations (8)-( 11) and the six algebraic 
equations (14)-( 18) provide the settling behaviour until disengagement of the two 
species. 

Asymmetric case 

For a bidisperse suspension with volume fractions of 0.04 light (PS) and 0.08 heavy 
(PMMA), the convection patterns are given in figure 6(d).  The only difference is that 
clear fluid accumulates above plane B because its density is lower than that of the 
suspension pb. Equations (8) and (9) must be replaced by the following: 

" [  1 = ulb 1 +z1-zh sin0 ] + [ uhm- z h s ~ z l ]  sino, 
dt b 

%= dt u h b [ l + ~ s i n ~ ] + [ u h m ~ ] a i n t i .  

Note that the above equations would be correct even if the clear fluid produced 
above the upward-facing plate should mix with the bidisperse-suspension zone (i.e. 
between B and C), as it would affect z1 only if that stream crosses the interface C. 
Note however that the concentrations q51b and q5hb in the bidisperse zone will change. 
Thus the above equations should be useful as long as pb > pf.  

When p n  > pb, the clear fluid accumulates below plane C as shown in figure 6 ( f ) .  
For this case (8) and (9) must be replaced by the following set : 
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Particle 

PS (j = 1) -0.1 110 0.3802 0.3042 -2.5368 2.5368 
species AOj 1, 2, 3, 

PMMA (j = h) 0. I150 -0.4892 0.5547 0.2832 -0.6584 

TABLE 2. Constants for power-series fit of experimental data in (18) 

Time for complete separation 
The model equations presented above are difficult to solve analytically without 

further approximations. An approximate solution will be compared with the full 
numerical solution in $4. However, a useful expression for the time of disengagement 
of the two species can be obtained quite readily. Subtracting (9) from (8) (or its 
equivalent replacement for the asymmetric cases) we obtain 

This can be integrated subject to the initial condition z, - zh = H" cos 8. The solution 
is 

exp [ (%b - Uhb sin t -- 1 sin 8' 
b + H" cos 8 sin # 

sin i3 b 
zl-zh = 

Setting zl-zh = 0, the time for disengagement, tc is obtained as 

Note that the above provides only the time of disengagement. The full model 
equations must be solved for the location of disengagement. 

3.3. Bidisperse systems after disengagement 
After disengagement of the two species, interfaces B and C move independently of 
each other and the results of $3.1 are valid as long as the initial time is replaced by 
t,, the concentrations are those calculated at t ,  from the model in 53.2 and the initial 
heights correspond to those at the time of disengagement. With these changes (4) and 
( 5 )  become 
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I I 
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350 

Time, t (s) Time, t (s) 

FIGURE 7. Comparison of experimental data (0, 0) with the PNK model (-) for a monodisperse 
suspension : (a )  8 ?Lo PS ; ( b )  8 YO PMMA. 

4. Results and discussion 

Experimental data were obtained over the following range of parameters : 

2.15 < H B / b  < 3.54, 
195 Q Re, Q 353, 7.3 x lo5 < A, Q 2.05 x lo6, 

$,m = 0.08, 

0' < t3 < 4 5 O ,  

(j = 1, h), 6 = 8 cm 

where Re, and A, are respectively the Reynolds number and the ratio of Grashof 
number to Reynolds number. They are defined by Acrivos & Herbolzheimer (1979) 
aa 
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FIGURE 8. Comparison of experimental data with the modified PNK model for a symmetric 
bidisperse suspension with 0.08 light and 0.08 heavy particles, at (a) 0", ( b )  loo, ( c )  30" and ( d )  45" 
inclination from the vertical. -, theory; 0, data for PS; 0, data for PMMA. 

where d j  are the particle diameters, pf and ,uf are the density and viscosity of the fluid 
respectively. The PNK model for a monodisperse suspension is first compared with 
experimentally measured data in figure 7 (a,  b) for both the light (PS) and heavy 
(PMMA) particles at angles of O", 10" and 30". There is a good agreement between the 
predictions from the model and the experiments. This is not surprising as Acrivos & 
Herbolzheimer (1979) and HFrbolzheimer & flcrivos (1981) have shown that the 
PNK model is valid when bAj/He + 1. For bAj/He x 40, as in this study, the PNK 
model should be an adequate representation of the settling process. 
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FIGURE 9. Comparison of experimental data with the modified PNK model for an asymmetric 
bidisperse suspension with 0.08 light and 0.04 heavy particles, at  (a) 0", ( 6 )  10" and (c) 30" 
inclination from the vertical. Symbols as in figure 8. 

The location of interfaces B and C of figure 6 as a function of time are shown in 
figures 8-10 for three different concentrations and at  various angles of inclination. In 
all of these plots, the height H e  refers to the distance from the reference point a t  the top 
of the channel to the bottom left corner of the channel as indicated in figure 6 ( a ) .  
Hence the rising interface C is shown only after it passes the lower left corner of the 
channel. In general the experimental data are reproducible and the data from several 
experimental runs are plotted on the same figure. The settling velocity is constant 
only for the vertical case in all these figures. Without the presence of inclined walls 
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F~GURE 10. Comparison of experimental data with the modified PNK model for an asymmetric 
bidisperse suspension with 0.04 light and 0.08 heavy particles, at (a) 0", (b) 10" and (c) 30" 
inclination from the vertical. Symbols as in figure 8. 

the interfaces B and C fall and rise a t  uniform velocities uhb and ulb respectively. The 
PNK model reduces consistently to that of Smith (1966) for the vertical case. The 
agreement between the model prediction and experimental data is good, except when 
the inclination is 10" from the vertical. For the asymmetric cases (figures 9 and 10) 
the interface corresponding to the particles with the higher concentration could be 
tracked more accurately. The scatter is much wider for the other interface for reasons 
pointed out in the flow-visualization section. Note that the only experimental data 
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FIGURE 11. Variation of concentration with time in the monodisperse zones as predicted from the 
model, at  various inclinations to the vertical. 

required in the model is the drift-flux relationship which was measured for the 
vertical monodispersed systems and is given by (18). Additional effects such as the 
interaction between particles in the bidisperse zone as well as the boundary 
enhancement are modelled correctly without any additional experimental fit. 

The concentration of particles in the monodispersed zones (between interfaces A 
and B for C$l, and interfaces C and D for +hm) vary with time during the partial 
segregation period as shown in (16) and (17). The variation of these concentrations 
with time as calculated from the numerical model is shown in figure 11. The 
concentration decreases more rapidly a t  higher angles of inclination. But the change 
is not more than 25% of the initial value. 

Approximate solutions 
It is possible to obtain approximate analytical solutions to the model equations 

(8)-(18) subject to the following assumptions: (i) there is no accumulation of 
sediments, implying that zls = 0 and zhs = H" cosB are constants; and (ii) the 
concentrations in the monodispersed zones are constant, i.e. &,, = C$lb and +hm = 
+hb. Note that the difference (zl-zh) given by (24) is valid without the above 
approximations. It, can be used for example in (9) to eliminate z,. The resulting 
equation for zh is linear because of the assumption that ulm can be calculated a t  the 
concentration = &. The solutions obtained in this manner are shown in table 3. 
Although the concentrations +lm and #lb are assumed to be equal, the velocities ulm 
and ulb are not equal; alm is calculated directly from (18) while alb accounts for the 
particle interaction in the bidisperse zone through (12). 

The height of disengagement can now be calculated from the approximate solution 
in table 3 together with (25) .  The experimentally observed height of disengagement 
is compared with the results calculated from the full numerical solution as well as the 
approximate analytical solution in table 4 for the symmetric-concentration case. The 

I 1  FLM 187 
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c, c, c3 c4 

Uhm - Ulm sin 8 Uhb-Uhm 

Uhm - Ulm + Ulb - uhh 

Uhh - 'hm 

-___ Uhb-Uhm 

Uhm - Ulm + Ulh - Uhh 

-C1- Uhm 

Uhm - Ulrn b $hb $lb 

-- Uhm sin 0 Ulb 

uhm +Ulb-Uhh 

- 1 
b uhm + %b - Uhh 

$hh ' $1, 

- Uhb Ulm Uhb - sin 0 
b -Ulm+Ulb-Uhb 

0 
- Ulm + Ulb - uhb 

$hb $1, 

TABLE 3. Analytical solutions 

Zh = b + H a  sin 8 cos 0 C, + C, exp (C, t )  + C, exp ( ('lb-u;) sine 
sin 0 

Approximate Full numerical 
analytical solution Experimental 

0 (deg) solution (cm) (cm) data (em) 

5 13.434 13.441 13.69 
10 12.956 12.956 13.09 
20 11.677 11.678 11.60 
30 10.039 10.033 9.86 
45 7.004 6.999 7.42 

TABLE 4. Comparison of height of  disengagement 

agreement is found to be very good. Similar comparisons for the asymmetric cases 
indicate an error of up to 7 %  in the approximate solution compared to the full 
numerical solution. 

5. Conclusions 
The settling behaviour of bidisperse suspensions containing light and heavy 

particles has been studied experimentally. Guided by the flow-visualization 
experiments, the PNK model has been adopted for bidisperse systems as well. The 
model predictions agree well with experimental results for a total solids volume 
fraction of 0.16. For higher concentrations an additional mechanism of fingering 
structure is observed. 

This work was supported by a strategic grant from the National Science and 
Engineering Research Council of Canada. 
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